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Abstract. Single-scattered energy has been calculated for a water  phantom, in a 
geometrical arrangement that  approaches  that of the  dynamic  spatial  reconstructor.  Recent 
data on  the Rayleigh differential cross-sections of liquid water have been used. The ratio 
for single-scattered to transmitted  radiation is found  to be dependent upon incident energy: 
in the  range 20 to  80 keV, it varies from 0.32 to 0.16. The contribution of the Rayleigh 
effect to single scattering is  of the order of 90% at 20 keV and 50% at 80 keV. 

1. Introduction 

There  are  at  present  three types of x-ray diagnostic apparatus: (i) the  apparatus of 
conventional x-ray radiology; (ii) the CT scanners (a  recent review has been  published 
by Schultz and Felix (1980));  and (iii) the dynamic  spatial  reconstructor (DSR), which 
is being developed  at  the  Mayo Clinic, Minnesota (Kinsey and  Orvis 1981). 

In each of these systems, the presence of scattering  reduces the quality of imaging. 
In addition to  the classical collimated grids, various  antiscatter devices have  been 
developed, especially by Moore et a f  (1976),  Rudin  and  Bednarek  (1980), Cacak 
(1981).  Joseph  and Spital (1981) have developed  an  algorithm to correct  some of the 
scattering  artefacts.  Stonestrom  and Macovski (1976) have  proposed  to  measure  the 
scattered  energy by an additional  detector  array  located  just  outside  the limits of the 
primary  beam. 

Experimental  studies of x-ray  scattering in radiodiagnosis have been  carried  out 
by Stargardt  and  Angerstein  (1975), Dick et a f  (1978),  Levine  and  Hale  (1980)  and 
Burgess and  Pate  (1981).  Monte  Carlo calculations  have  been  carried out by Reiss 
and Steinle (1973)  and by Kalender  (1981).  These  calculations  assume  that  the 
scattering  properties of water  can  be  derived  from  the individual atomic  scattering 
properties of hydrogen  and oxygen. 

The aim of this paper is to calculate the energy which is single-scattered in medical 
x-ray diagnosis,  taking into account  the specific coherent  scattering  properties of 
liquid water. 

2. Geometry of the calculations 

2.1. Pencil beam 

The  irradiated  water  phantom is considered  to have rotational  symmetry  around  the 
axis ( 0 2 )  of the incident pencil beam.  The  detectors  are assumed to be placed on  a 
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Figure 1. Geometry of the  calculations:  pencil  beam. The figure  has  rotational  symmetry  around  the Oz axis. 

sphere called the  'reception  sphere' (figure 1). The position of a  point A located  on 
the  reception  sphere is defined by the angle v. 

2.2. Conical beam 

The incident  conical  beam is assumed to  be  monoenergetic.  The  geometrical  arrange- 
ment  shown in figure 2 has  been  chosen  as it approaches  that of the DSR (Kinsey  and 
Orvis 1981).  The device is assumed to  have  rotational  symmetry  around  the Oz axis. 
This  assumption  enables us to calculate the  scattered  energy in this  case  from  the 
results of the pencil beam  calculations, while it  introduces only slight differences  from 
the  arrangement effectively used in the DSR. 

4 . 2 5  deg ///A ]A""- 19 z ///A 
l 

Figure 2. Geometry of the  calculations:  conical  beam.  The  figure  has  rotational  symmetry  around  the Oz 
axis. Half angle of the  cone = 4.25". 

3. Data  on  the  interaction  effects 

In the  energy  range 20-80 keV,  three  interaction processes  between  photons and 
matter must be  taken  into  account:  the  photoelectric effect, the  Compton effect, and 
the Rayleigh  effect. The incident  beam is assumed to be  unpolarised.  This  legitimises: 
(i) the use of the Klein-Nishina differential  cross-section  for  unpolarised  radiation 
(see  section 3.2) ;  and (ii) the use of the  Thomson  formula weighted by the  square of 
the  form  factor  (see section 3.3).  

3.1. Photoelectric effect 

For light elements  and  photon  energies gre.ater than  20  keV,  the photoeffect does 
not, in practice,  contribute  to  the  scattering:  almost all the  energy of the  interacting 
photon is absorbed by the recoil  electron. 

Because of the lack of data  on  the molecular  photoeffect  cross-section uEh of 
water, it was assumed that uEh could  be  calculated  according to  the  formula 

FEh = ugh + 2fT"," (1) 
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where ugh and ukh are  the  atomic photoeffect  cross-sections of oxygen  and  hydrogen, 
calculated  from  theoretical  results of Scofield (1973). 

3.2. Compton  effect 

Because of the lack of data  on  the molecular Compton cross-section U: of water, it 
was assumed that U: could be calculated  according to  the  formula: 

a: = +2uH C (2) 

where U$ and cr: are  the  theoretical  atomic  Compton cross-sections of oxygen  and 
hydrogen, given by Hubbell et a1 (1975). 

The differential Compton cross-section of water was calculated  from the Klein- 
Nishina  differential  cross-section  for  unpolarised  radiation,  weighted by the molecular 
incoherent  scattering  function S ,  of water. Due  to  the lack of data  on this  function, 
S ,  was calculated  according to  the  formula 

S ,  = S O  + 2sH (3) 

where So and SH are  the  theoretical  atomic  incoherent  scattering  functions af oxygen 
and  hydrogen, given by Hubbell et a1 (1975). 

3.3. Rayleigh effect 

In the Rayleigh effect, the  energies of the incident  and  scattered photons  are practically 
the  same;  the  energy  change is equal  to  the small amount of energy  taken  up by the 
scattering  atom  or molecule  and is negligible (Moon  1950).  Thus  the Rayleigh effect 
is a coherent  scattering process which gives rise to  interference effects. These  interfer- 
ence  effects are mostly important in the  forward  direction,  where  the  path length 
differences are small (James  1962). 

As the  incident  beam has been assumed to  be  unpolarised,  the  Rayleigh  differential 
cross-section of water can be  obtained by weighting the  Thomson  formula by the 
square of the  water  form  factor F,. Three different  form  factors F, can be  used: 
F,,,,, (Morin, to  be  published). 

(i) F,,,, is the  form  factor of water in the  independent  atomic  scattering  approxima- 
tion,  calculated  according to  the  formula: 

=F: + 2 F i  (4) 
where F. and FH are  the  atomic  form  factors of oxygen  and  hydrogen.  In  this 
approximation,  each  atom of the  water molecule is supposed  to  radiate by itself, 
independently  from  the  others.  Inter-atomic  interference effects are not taken  into 
account. 

(ii) is the  form  factor of a free  water  molecule: it has  been  calculated by 
Blum (1971). In  this  case,  only the  interference effects which occur within the  water 
molecule are  taken  into  account. 

(iii) is the molecular  form  factor of liquid water: it can be  derived  from  the 
experimental  data of Narten  and Levy (1971).  In this  case, all the  interference  effects 
are  taken  into  account, including the  inter-molecular  interference effects which occur 
in liquid  water. 

Figure  3  shows F,,,,, and  plotted  against x = sin(8/2)/A, 8 being the 
scattering  angle  and A the wavelength of the  incident  radiation,  Differences  between 
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Figure 3. Molecular  form  factors of water.  Curve A, Fw,liq. for  liquid  water,  derived  from  the  experimental 
results of Narten  and  Levy  (1971).  Curve  B,  for  free  water  molecule,  theoretical  results of Blum 
(1971).  Curve C, F,,,,, independent  atomic  scattering  approximation,  calculated  from  the  theoretical 
atomic  form  factors of oxygen  and  hydrogen,  given  by  Hubbell  and  Overbo  (1979). 

Fw,mol(x) and Fw,liq(x) are  due  to  the  inter-molecular  interference effects which take 
place in liquid  water. The difference  between Fw,mol(0) and FW,,(O) arises  from the 
fact that  the  coherent  scattering intensity by fluids at  zero angle is related  to  density 
and  to  isothermal  compressibility.  The  ratio Fw,liq(0)/Fw,~ol(O) reflects the fluctuation 
of the  number of molecules in a given volume of liquid  water  (Guinier 1964).  It is 
given by the  formula,  (derived  from  Guinier  1964) 

~ w , ~ i q ( O ) / ~ w , m o ~ ( O )  = ( k P T / u ) ” *  

where k is Boltzmann’s  constant, T the  temperature in degrees  Kelvin, U the  average 
volume  offered to  each molecule of liquid water,  and P the  isothermal compressibility 
of liquid  water. 

For  the  free  water molecule,  the  form  factor to  be used is Fw,mol. For  the  water 
molecule in the gas,  the  form  factor Fw,mol can be used as an  approximation.  For 
liquid water,  the  form  factor  to  be used is Fw,liq. 

In the  present calculations, the  form  factor has  been  used,  together with the 
total  Rayleigh  cross-section,  obtained by numerical  integration of the  Thomson  for- 
mula  weighted by 

4. Results 

4.1. Pencil beam 

Let  dS  be a  surface  element  located on the  reception  sphere  and including  point A 
(figure 1). Let dE be  the single scattered  energy which is most  probably  received by 
dS when  an  incident photon of energy Eo arrives. dE/dS is the single-scattered  energy 
which is received per unit  surface  area  at  point A ( q )  of the  reception  sphere. 
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E o  = 80 keV 

Figure 4. Pencil beam geometry.  Single-scattered  energy dE/dS plotted against cp for various values of 
Eo, the  energy of the  incident  photons. 

Figure 5. Pencil beam  geometry:  proportion of Rayleigh scattering. (dER/dE) plotted against cp, where 
d E  is the  single-scattered  energy received by dS and dER the  single-scattered  energy received by dS, due 
to Rayleigh scattering. 
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Figure 4 shows dE/dS plotted  against cp for  incident photon  energies of 20, 40, 
60 and 80 keV.  The  shape of the  curves  for  small  values of cp is due  to  the use of 
the  form  factor 

Figure 5 shows the  contribution of the  Rayleigh  scattering to single scattered 
energy. 

4.2. Conical  beam 

Figure 6 shows the  ratio of single-scattered to transmitted  energies  plotted  against cp 
for  incident photon  energies of 20, 40, 60 and 80 keV. As the  transmitted  energy 
does not depend  upon cp, figure 6 also gives the  shape of the single-scattered  energy 
versus cp. Table 1 gives the  ratio of single-scattered to  transmitted  energies,  averaged 
over  the  cone. 

0.11 
0 1 2 3 i 

v l deg i 

Figure 6.  Conical beam goernetry:  ratio of single-scattered to transmitted  energies  plotted against cp. 

When  the  incident  photon  energy is only 20 keV,  the  scattered  and  transmitted 
energies  (table 1) reaching the  reception  sphere  are  extremely small due  to  attenuation 
in the  phantom.  These  photons will therefore not contribute measurably to  the 
image-forming  process with a  phantom of this  thickness. 

Table 1. Conical beam: ratios averaged over  the  cone. 

Ratios 

Energy Single-scattered Rayleigh Transmitted 
(keV) Transmitted Cornpton + Rayleigh Incident 

20 
40 
60 
80 

0.32 
0.25 
0.19 
0.16 

0.91 
0.75 
0.60 
0.49 

0.43 E-7 
0.0034 
0.012 
0.020 
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Figure 7. Conical beam geometry: proportion of Rayleigh scattering (d.&/d[) plotted against cp. d.f  is the 
single-scattered energy received by dS, and dtR the single-scattered energy received by dS, due to Rayleigh 
scattering. 

Figure  7  shows the  contribution of Rayleigh scattering to single scattered  energy, 
as a  function of cp. After  averaging  over the cone, this contribution is found  to  be 
equal  to  91%  at 20 keV  and  49%  at 80 keV  (table 1). 

5. Discussion 

Several  points must be  stressed: 
(i)  Only  single-scattered  energy has been  calculated. 
(ii) The incident  radiation  has  been  assumed to  be monoenergetic. 
(iii) The effect of grids and  antiscatter devices has  not  been  taken into account. 
(iv) The problems  related  to  detector efficiency have  not  been  taken  into  account. 

Such  problems have been  studied in detail by Kalender  (1981). In the single-scattered 
energy  received by a  surface  element, we have counted  the  energies of all photons 
arriving on such  an  element,  whatever  their  energies and directions may be. 

5.1. Dependence  on  incident energy 

Most of the previous  studies  defined the ‘scatter  fraction’ as the  ratio of scattered  to 
(scattered+transmitted) energies.  A  major  concern of these  studies  has  been to 
determine  the  dependence of the  scatter fraction on incident  energy  (Dick et a1 1978, 
Kalender  1981).  As we have only calculated  single-scattering, we have  been  unable 
to express our results in terms of scatter  fraction and we have used the  ratio of 
single-scattered to  transmitted energies.  We  have  found  a  strong  dependence of this 
ratio  upon  incident  energy (figure 6 and  table 1). 

5.2. Polarisation 

The incident  beam  has  been  assumed to  be  unpolarised.  This is consistent with the 
differential  cross-sections used in this paper (section 3). It must be noticed,  however, 
that such  cross-sections are  no longer valid when multiple  scattering is taken  into 
account,  for,  even when the incident  beam is unpolarised,  the Rayleigh  scattered  beam 
is partially  polarised (Kissel 1981, private  communication). 
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5.3. Case of body tissues 

The present  calculations  only  concern  a  water phantom.  It is likely that body  tissues 
do not  have  the  same  scattering  properties as  liquid water.  Scattering cross-sections 
of body tissues can  be  estimated using appropriate  sum rules,  but it has  been  seen in 
section 3.3 that  the  sum  rule  for Rayleigh  scattering was not  accurate,  especially  at 
small  angles. The Fw,liq data, used in this paper,  have  been  derived  from  the  results 
of Narten  and Levy (1971), whose  aim was to study  the  structure of liquid water.  It 
is likely that similar data  on body tissues could  be obtained in the  same way, using 
methods  or  results of solid state physics. 

6. Conclusion 

In  a  geometrical  arrangement which approaches  that of the  dynamic  spatial  reconstruc- 
tor (DSR), the  ratio of single-scattered to transmitted  energies is strongly dependent 
upon  the  incident  energy: in the  range 20 to 80 keV it varies  from 0.32 to  0.16. 
The  contribution of the Rayleigh effect to single  scattering is of the  order of 90%  at 
20 keV  and  50%  at 80 keV. 
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Rbume 

Calcul de la diffusion primaire des rayons x en radiodiagnostic. 

L’bnergie diffuske simple a CtC calculCe dans le cas de l’eau, dans  une disposition geomCtrique qui se 
rapproche de celle du reconstructeur  dynamique DSR.  On a  utilist des  donntes  rtcentes sur les sections 
efficaces differentielles de diffusion Rayleigh par l’eau liquide. On trouve que le rapport  (tnergie diffuste 
simple)/(Cnergie transmise) dCpend de I’Cnergie du photon  incident: entre 20 keV et 80 keV, ce rapport 
varies de 0,32 B 0,16. La contribution de l’effet Rayleigh A l’tnergie  diffuste simple est de l’ordre de  90% 
A 20 keV et  de I’ordre de 50% B 80 keV. 

Zusamrnenfassung 

Berechnung der Einfachstreuung von Rontgenstrahlen in der Rontgendiagnostik. 

Die Energie nach Einfachstreuung  wurde  berechnet fur ein  Wasserphantom in einer speziellen geometris- 
chen Anordnung. Dabei wurden  neue  Werte der differentiellen Rayleigh-Wirkungsquerschnitte fur Wasser 
benutzt. Das Verhaltnis  fur  Einfachstreuung ist abhangig von der einfallenden  Energie:  es variiert im 
Bereich 20-80 keV zwischen 0.32 und 0.16. Der Beitrag der Rayleigh-Streuung  zur  Einfachstreuung 
betragt  etwa 90% bei 20 keV und 50% bei 80 keV. 
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